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I N T R O D U C T I O N

In Part 1 of this series, Overview of Forward Rate Analysis, we argued that
the s h a p e of the yield c u r v e d e p e n d s on t h r ee fac tors : the m a r k e t ' s
rate expectations; the required bond risk premia; and the convexity
bias. After examining these determinants in detail in Parts 2-5, we now
return to the "big picture" to show how we can decompose the forward rate
curve into these three determinants. Even though we cannot directly
observe these determinants, the decomposition can clarify our thinking
about the yield curve.

Our analysis also produces direct applications - it provides a systematic
framework for relative value analysis of noncallable government bonds.
Analogous to the decomposition of forward rates, the total expected
return of any government bond position can be viewed as the sum of a
few simple building blocks: (1) the yield income; (2) the rolldown
return; (3) the value of convexity; and (4) the duration impact of the
rate view. A fifth term, the financing advantage, should be added forbonds that trade "special" in the repo market.
The following observations motivate this decomposition. A bond's
near-term expected return is a sum of its horizon return given an
unchanged yield curve and its expected return from expected changes in
the yield curve. The first item, the horizon return, is also called the rolling
yield because it is a sum of the bond's yield income and the rolldown
return (the capital gain that the bond earns because its yield declines as its
maturity shortens and it "rolls down" an upward-sloping yield curve). The
second item, the expected return from expected changes in the yield curve,
can be approximated by duration and convexity effects. The duration
impact is zero if the yield curve is expected to remain unchanged, but it
may be the main source of expected return if the rate predictions are based
on a subjective market view or on a quantitative forecasting model. The
value of convexity is always positive and depends on the bond's convexity
and on the perceived level of yield volatility.
We argue that both prospective and historical relative value analysis
should focus on near-term expected return differentials across bond
positions instead of on yield spreads. The former measures take into
account all sources of expected return. Moreover, they provide a
consistent framework for evaluating all types of government bond
positions. We also show, with practical examples, how various expected
return measures are computed and how our framework for relative value
analysis is related to the better-known scenario analysis.

FORWARD RATES AND THEIR DETERMINANTS
How Do the Main Determinants Influence the Yield Curve Shape?
We first describe how the market's rate expectations, the required bond
risk premia', and the convexity bias influence the term structure of spot
and forward rates. The market's expectations regarding the future interest
rate behavior are probably the most important influences on today's term
structure. Expectations for parallel increases in yields tend to make
today's term structure linearly upward sloping, and expectations for

' The bond risk premium is defined as a bond's expected (near-term› holding-period return in excess of the riskless
short rate. Historical experience suggests that long-term bonds command some risk premium because of their greater
perceived riskiness. However. our term "bond risk premium" also covers required return differentials across band that

caused by other factors than risk, such as liquidity differences, supply effeets or market sentiment.



falling yields tend to make today's term structure inverted.
Expectations for future curve flattening induce today's spot and
forward rate curves to be concave (functions of maturity), and
expectations for future curve steepening induce today's spot and
forward rate curves to be convex.? These are the facts, but what is the
intuition behind these relationships?

The traditional intuition is based on the pure expectations hypothesis. In
the absence of risk premia and convexity bias, a long rate is a weighted
average of the expected short rates over the life of the long bond. If the
short rates are expected to rise, the expected average future short rate (that
is, the long rate) is higher than the current short rate, making today's term
structure upward sloping. A similar logic explains why expectations of
falling rates make today's term structure inverted. However, this logic
gives few insights about the relation between the market's expectations
regarding future curve reshaping and the curvature of today's term
struc tu re .

Another perspective to the pure expectations hypothesis may provide a
better intuition. The absence of risk premia means that all bonds,
independent of maturity, have the same near-term expected return. Recall
that a bond's holding-period return equals the sum of the initial yield and
the capital gains/losses that yield changes cause. Therefore, if all bonds
are to have the same expected return, initial yield differentials across
bonds must offset any expected capital gains/losses. Similarly, each bond
portfolio with expected capital gains must have a yield disadvantage
relative to the riskless asset. If investors expect the long bonds to gain
value because of a decline in interest rates, they accept a lower initial yield
for long bonds than for short bonds, making today's spot and forward rate
curves inverted. Conversely, if investors expect the long bonds to lose
value because of an increase in interest rates, they demand a higher initial
yield for long bonds than for short bonds, making today's spot and forward
rate curves upward sloping. Similarly, if investors expect the
curve-flattening positions to earn capital gains because of future curve
flattening, they accept a lower initial yield for these positions. In such a
case, barbells would have lower yields than duration-matched bullets (to
equate their near-term expected returns), making today's spot and forward
rate curves concave. A converse logic links the market's curve-steepening
expectations to convex spot and forward rate curves.

The above analysis presumes that all bond positions have the same

near-term expected returns. In reality, investors require higher returns
for holding long bonds than short bonds. Many models that acknowledge
bond risk premia assume that they increase linearly with duration (or with
return volatility) and that they are constant over time. Parts 3 and 4 of this
series showed that empirical evidence contradicts both assumptions.
Historical average returns increase substantially with duration at the front
end of the curve but only marginally after the two-year duration. Thus, the
bond risk premia make the term structure upward-sloping and
concave, on average. Moreover, it is possible to forecast when the required
bond risk premia are abnormally high or low. Thus, the time-variation in
the bond risk premia can cause significant variation in the shape of the
term structure.

2 A concave (but upward-sloping) curve has a sieeper slope at short maturities than ill long maturities: thus, a line
connecting two points on the curve is always below the curve. A convex (but upward-sloping) curve has a steeper
slope at long maturities than at short maturities: thus. a line connecting two points on the curve is always above the

curve.
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Figure 3. Decomposing Forward Rates Into Their Components, Using Survey Rate Expectations and
Implied Volatilities
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market's interest rate expectations. Finally, we note that the
time-variation in the estimated bond risk premia has been very
market-directional over the past two years; this may not always be the
case.

make 93-95 Implied Vield Changes versus Survey Expected Yield Changes in the Treasury Bill

200bp 181

9 1J l e

50

э41

-50

R i s k Premium
Rate Expectations

127

71
40

3 1

Dec
93

87

40

Jun
94

90

200bp

100

— 50

the Three-M
onth Rate

Forw
ard-Im

plied Change in

Dec
94

Jun
95

-50

S0.25 0.5, 0.75 E ( S o . 2 5 )
3.09% 3.80% 3.40%Dec 93 4.22 5.49 4.62Jun 94 7.51 6.60Dec 94 573 5.58 5.40J u n   9 5

DECOMPOSING EXPECTED RETURNS OF BOND POSITIONS

Five Alternative Expected Return Measures

with known cash flows. We can evaluate all bond positions' expected
returns comprehensively, yet with simple and intuitive building blocks.
We e m p h a s i z e that relative value ana lys i s should be based on near- term

expected return differentials, not on yield spreads, which are only one part

§ In the carlier parts of this series, ne provide further evidence of the importance of time-varying risk premia. Why do
so many market participants and analysts think that the rate expectations are much more important determinants of the

inde see hi we he het paires a pie the contracting emin in evidence Wiles pre a.
«Few investors think explicitly in terms of such premia. but they will extend duration only it they expect longer bonds
to outperform shorter bonds by a margin sufficient to offset their greater risks. › However. what matters for the vield

that the changing individual rate views may have smaller aggregate efieces than the changing risk perceptions and
preferences even it individual rate viens are more volatile than individual risk perceptions and preferences. This effect
can occur if the changes in nsk perceptions and preferences are much more highly correlated across indisiduals than
are changes in rate views. For example, when volatility is high. most marker participants are likely to demand
abnormally high bond risk premia even it they have widely different views about the future rate direction. Perhaps
most marker participanis focus on the fact that ‹their individual rate views vary more over time than do their risk

perceptions and preferences, ignoring the fact that market rates are driven by the aggregate effects. for which
correlations across individuals matter a lot.







As a numerical illustration, Figure 5 shows the various expected return
measures for three bonds (the three-month Treasury bill and the three-year
and ten-year on-the-run Treasury notes) and for the barbell combination ofthe three-month bill and the ten-year bond. In this example, we use as
much market-based data as possible: for example, implied volatilities, not
historical, to estimate the value of convexity, and the "view" (rate
predictions) based on survey evidence of the market's rate expectations, not
on a quantitative forecasting model. All the numbers are based on the
market prices as of September 26, 1995.

Figure 5. Three-Month Expected Return Measures and Their Components, as of 26 Sep 95
Maturity 0.25 3 10 Barbell
Yield Income 1.349% 1.474% 1.568% 1.425%
+ Rolldown Return 0.000 0.065 0.108 0.038= Rolling Yield 1.349 1.537 1.676 1.463
+ Value of Convexity 0.000 0.014 0.082 0.029
= Convexity-Adj. Expected Return 1.349 1.551 1.758 1.492
+ Duration Impact of the "View" 0.000 -0.056 -0.284 -0.099
= Expected Return with a View 1.349 1.495 1.474 1.393+ Total Local Rich/Cheap Effect -0.015 -0.039 0.025 -0.002= Total Expected Return 1.334 1.456 1.499 1.391
Background Information
Par Yield 5.507 6.011 6.408 NA
Rolldown Yield Change NA -0.026 -0.015 NA
Duration now 0.245 2.708 7.300 2.706
Duration at Horizon 0.000 2.500 7.168 2.500
Convexity now 0.002 0.090 0.669 0.235
Convexity at Horizon 0.000 0.077 0.643 0.224
Yield Volatility NA 0.598 0.502 NA
Yield Change "View" -0.046 0.022 0.039 NA
On-the-Run Yield 5.446 5.978 6.261 NA
Financing Advantage 0.000 0.038 0.463 NA
Spread to the Par Curve -0.015 -0.008 -0.037 NA
Expected Cheapening Return 0.000 -0.068 -0.401 NA
NA Not available.
Note: Barbell is a combination of 0.53 units of the ten-year par bond and 0.47 units of the three-month bill; these
weights duration-match the barbell with the three-year par bond bullet. Yield income is the return that a par bond
earns over three months if it can be sold at its yield and if any cash flows are reinvested at the vield. The vields are
semiannually compounded and based on the Salomon Brothers Treasury Model's par vield curve. Rolldown return is

unchanged yin that. at ears onet is approximated oh o olexi al ion viet volate e n ang
yield/100), where yield volatility is the basis-point yield volatility over a three-month horizon. The latter is computed by
multiplying the on-the-run bond's relative yield volatility - implied volatility based on the price of a three-month OTC
option written on this bond — by its yield level and dividing by two (for deannualization). For the three-year bond. we
interpolate between the implied volatilities of on-the-run twos and fives. Duration impact of the "view' is (-duration athorizon) *(expected change in a constant-maturity rate over the next three months)* (1 + rolling yield/100). In this
example, the "view" reflects the market's yield curve expectations, as measured by the Blue Chip consensus forecasts
(that are based on a survey of professional economists and market analysts conducted on September 26-27. 1995)
The "expected return with a view" measures the expected return for a hypothetical par bond that lies exactly on the
Model curve. ignoring any local cheapness or financing advantage of actual bonds. We can add to this four-term
measure a fifth component called the total local rich/cheap effect. It is the sum of three additional sources of return for
specific bonds: (1) the financing advantage (the difference between the three-month term repo rate for general collateral
and the three-month special term repo rate for the on-the-run bond, divided by four for deannualization): (2) the
spread between the on-the-run bond yield and the Model par yield, divided by four for deannualization: and (3) the
bond's expected cheapening as it loses the richness associated with the on-the-run status (estimated by the Salomon
Brothers Government Bond Strategy Group).

The top panel of Figure 5 shows how nicely the different components of
expected returns can be added to each other. Moreover, the barbell's
expected return measures are simply the market-value weighted
averages of its components' expected returns. In this case, the yield
income, the rolldown return and the value of convexity are all higher for
the longer bonds. In contrast, the duration impact of the market's rate view
is negative, because the Blue Chip survey suggested that the market
expected small increases in the three-year and the ten-year rates over the
next quarter. The local rich/cheap effect is negative for the shorter
instruments but positive for the ten-year note; the reason is that the
negative yield spread and the expected cheapening of the ten-year note are









Figure 7. Scenario Analysis and Expected Bond Returns

Initial Maturity
Horizon Maturity
Initial Yield
Yield Change Scenarios
(Of 1- to 5-Year Constant-Maturity Rates)
Bull
Neutral
Bear-Flattener
Bull-Steepener
One-Year Returns in Each Scenario
Bear
Bull
Neutral
Bear-Flattener
Bull-Steepener
Assign Equal Probability
(0.2) to Each Scenario and Back Out Various Statistics
Mean Return
Vol. of Return
Mean Yield Change
Vol. of Yield Change

Bond
1

6.00%

1.00%
-1.00

1.00
-0.50

6.00%
6.00
6.00
6.00
6.00

6.00%
0.00

Portfolio4 
3

6.25%

1.00%
0.00

0.875
0.375
5.51%
7.51
6.50
5.51
7.01

6.41%
0.80
0.10
0.76

3
2

6.50%

1.00%
-1.00
0.00
0.75-0.25
5.02%
9.04
7.00
5.26
7.76

6.82%
1.52
0.10
0.72

6.75%

-100%
0.00
0.625
-0.125

4.53%
10.59
7.50
5.26
8.26

7.23%
2.17

8 %

5
4

7.00%

100%
0.00
0.50
0.00
4.05%
12.15
8.01
5.51
8.51

7.65%
2.78

5.02%
9.06
7.00
5.51
7.51

6.82%
1.45

Figure 8. Various Yield Curve Scenarios
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Now we return to the example with all five yield curve scenarios in Figure
8. As an illustration, we assign each scenario the same probability (p, =0.2). Then, it is easy to compute the portfolio's probability-weighted
expected return:

E(h,) =
5

SPi* h = 0 . 2 * （ 5 . 0 2   +   9 . 0 6   +   7 . 0 0 +   5 . 5 1   +   7 . 5 1 ） = 6 . 8 2   （ 4 ）

Given these probabilities, we can compute the expected return for each
asset, and it is possible to back out the implied yield curve views. The
lower panel in Figure 7 shows that the mean yield change across scenarios







A P P E N D I X A . D E C O M P O S I N G T H E F O R WA R D R A T E S T R U C T U R E I N T O
I T S M A I N D E T E R M I N A N T S

In this appendix, we show how the forward rate structure is related to the
market's rate expectations, bond risk premia and convexity bias. In
particular, the holding-period return of an n-year zero-coupon bond can be
described as a sum of its horizon return given an unchanged yield curve
and the end-of-horizon price change that is caused by a change in the n-1
year constant-maturity spot rate (ASn-1). The horizon return equals a
one-year forward rate, and the end-of-horizon price change can be
approximated by duration and convexity effects. These relations are used to
decompose near-term expected bond returns and the one-period forward
rates into simple building blocks. All rates and returns used in the
following equations are compounded annually and expressed in percentage
terms.

n n =100
n-1 - Pn

Pn Pn (5)

=   (   A P n - L   * P a - 1 P, - 1
+ - 1),Pn-1

n-1 - Pn-. The second term on the right-hand side of

the right-hand side of Equation (5) is the instantaneous percentage price
change of an n-1 year zero, multiplied by an adjustment term Pn-,/P.13

Egusticit, the on eat the rears alling vel a d outer, Ine
adjustment term equals one plus the forward rate.

1   +   โ ก - 1 . ก
100

Sn(1 + 100

Sn-Ln-1
100

Pn-1

(6)

Equation (7) shows the well-known result that the percentage price change
(AP/P) is closely approximated by the first two terms of a Taylor series
expansion, duration and convexity effects.

100 * 4P- = - Dur * (As) + 0.5 * Cx * (As)?, (7)

dPwhere Dur = -
100 d?Pp and Cx = dEp 100

12 The adjustment term is needed because the bond's instantaneous price change excurs at the end of horizon. not
today. The value of the bond position grows from one to Pn-f/Py at the end of horizon if the yield curve is
unchanged. The end-of-horizon value (P.. /P.) would be subject to the yield shift at horizon.



Plugging Equations (6) and (7) into (5), we get:

h, = fn-I.n + (1 + (8)

Even if the yield curve shifts occur during the horizon, for performance
calculation purposes the repricing takes place at the end of horizon.
This disparity causes various differences between the percentage price
changes in Equations (7) and (8). First, the amount of capital that
experiences the price change grows to (1 + fn-t.n/100) by the end of
horizon. Second, the relevant yield change is the change in the n-1 year
constant-maturity rate, not in the n-year zero's own yield (the difference is
the rolldown yield change). 13 Third, the end-of-horizon (as opposed to the
current) duration and convexity determine the price change.
The realized return can be split into an expected part and an unexpected
part. Taking expectations of both sides of Equation (8) gives us the n-year
zero's expected return over the next year:

EChn) = fin + (1 + o*-Durn. *E(AS.) + 0.5*Cx. *E(sn.)3). (9)

Recall from Equation (6) that the one-period forward rate equals a zero's
rolling yield, which can be split to yield and rolldown return components.
In addition, the expected yield change squared is approximately equal to
the variance of the yield change or the squared volatility, E(Asn-1) =
(Vol(As,-|)?. This relation is exact if the expected yield change is zero.
Thus, the zero's near-term expected return can be written
(approximately) as a sum of the yield income, the rolldown return, the
value of convexity, and the expected capital gains from the rate "view"
(see Equation (3)).

We can interpret the expectations in Equation (9) to refer to the market's
rate expectations. Mechanically, the forward rate structure and the market's
rate expectations on the right-hand side of Equation (9) determine the
near-term expected returns on the left-hand side. These expected returns
should equal the required returns that the market demands for various
bonds if the market's expectations are internally consistent. These required
re tu rns , in t u r n , d e p e n d o n f a c t o r s s u c h as e a c h b o n d ' s r i s k i n e s s a n d t h e

market's risk aversion level. Thus, it is more appropriate to think that the
market participants, in the aggregate, set the bond market prices to be

exple that gi, ea che forware pee structure and recond ensus nate

13 If we used bonds own yield changes in Equation (8), these yield changes would include the rolldown gield change.
In this case. we should not use the forward rate (which includes the impact of the roildown yield change on the return.
in addition to the yield income) as the fird term on the right-hand side of Equation (8). Instead. we would use the spot

rate.

investor can plug his subjective rate expectations into Equation (9) and back out the expected return given these
expectations and the marker-determined forward rates. These expected returns may differ from the required returs that
the market demands: this discrepancy may prompt the investor to trade on his view.



Subtracting the one-period riskless rate (s,) from both sides of Equation
(9), we get:

E(hn - Sp) =
(10)

We dedich bond is premium as BR The forward spot premium
measures the steepness of the one-year forward rate curve (the difference
between each point on the forward rate curve and the first point on that
curve) and it is closely related to simpler measures of yield curve
steepness. Rearranging Equation (10), we obtain:

FSP, =
(11)

In other words, the forward-spot premium is approximately equal to a
sum of the bond risk premium, the impact of rate expectations
(expected capital gain/loss caused by the market's rate "view") and the

convexity b ias (expected capital gain caused by the rate uncertainty).
Unfortunately, none of the three components is directly observable.
The analysis thus far has been very general, based on accounting
identities and approximations, not on economic assumptions. Various
term structure hypotheses and models differ in their assumptions.
Certain simplifying assumptions lead to well-known hypotheses of the
term structure behavior by making some terms in Equation (11) equal
zero - although fully specified term structure models require even more
specific assumptions. First, if constant-maturity rates follow a random
walk, the forward-spot premium mainly reflects the bond risk premium, but
also the convexity bias lE(ASn-1? = 0 → FSP, = BRP, + CB, 1/. Second, if
the local expectations hypothesis holds (all bonds have the same near-term
expected return), the forward-spot premium mainly reflects the market's
rate expectations, but also the convexity bias (BRP, = 0 → FSP, =
Durn-1 *E(ASn-1) + CBn-1. Third, if the unbiased expectations hypothesis
holds, the forward-spot premium only reflects the market ' s rate

expectations BRP n+ CB,-1 = 0 → FSP, = Durn, *E(AS I . The last two
cases illustrate the distinction between two versions of the pure
expectations hypothesis.



A P P E N D I X B . RELATING VARIOUS STATEMENTS ABOUT FORWARD
R A T E S T O E A C H O T H E R

In the series Understanding the Yield Curve, we make several statements
about forward rates - describing, interpreting and decomposing them in
various ways. The multitude of these statements may be confusing:
therefore, we now try to clarify the relationships between them.
We refer to the spot curve and the forward curves on a given date as if
they were unambiguous. In reality, different analysts can produce
somewhat different estimates of the spot curve on a given date if they
use different curve-fitting techniques or different underlying data (asset
universe or pricing source). We acknowledge the importance of these
issues — having good raw material is important to any kind of yield curve
analysis — but in our reports we ignore these differences. We take the
estimated spot curve as given and focus on showing how to interpret and
use the information in this curve.

In contrast, the relations between various depictions of the term structure
of interest rates (par, spot and forward rate curves) are unambiguous. In
particular, once a spot curve has been estimated, any forward rate can
be mathematically computed by using Equation (12):

(1 + 100
=

(1 + 100

(1 + Sm m
100

(12)

where fmn is the annualized n-m year interest rate m years forward and sn
and Sm are the annualized n-year and m-year spot rates, expressed in
percent. Thus, a one-to-one mapping exists between forward rates and
current spot rates. The statement "the forwards imply rising rates" is
equivalent to saying that "the spot curve is upward sloping," and the
statement "the forwards imply curve flattening" is equivalent to saying that
"the spot curve is concave." Moreover, an unambiguous mapping exists
between various types of forward curves, such as the implied spot curve
one year forward (fin) and the curve of constant-maturity one-year forward
rates (fn-1.n).
The forward rate can be the agreed interest rate on an explicitly traded
contract, a loan between two future dates. More often, the forward rate is
implicitly defined from today's spot curve based on Equation (12).
However, arbitrage forces ensure that even the explicitly traded forward
rates would equal the implied forward rates and, thus, be consistent with
Equation (12). For example, the implied one-year spot rate four years
forward (also called the one-year forward rate four years ahead, fus) must
be such that the equality (1 + 55/100)5 = (1 + s4/100)4 *(1 + f4.5/100)
holds. If fus is higher than that, arbitrageurs can earn profits by
short-selling the five-year zeros and buying the four-year zeros and the
one-year forward contracts four years ahead, and vice versa. Such activity
should make the equality hold within transaction costs.
Forward rates can be viewed in many ways: the arbitrage

interpretation; the break eo en aferret tiered tih, rolling fiervard
rates are such rates that would ensure the absence of riskless arbitrage






